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SELF-DUAL INTERSECTION SPACE COMPLEXES
M. AGUSTI´N, J.T. ESSIG, AND J. FERNA´NDEZ DE BOBADILLA
Abstract. In this article, we prove that there is a canonical Verdier
self-dual intersection space sheaf complex for the middle perversity on
Witt spaces that admit compatible trivializations for their link bun-
dles, for example toric varieties. If the space is an algebraic variety
our construction takes place in the category of mixed Hodge modules.
We obtain an intersection space cohomology theory, satisfying Poincare´
duality, valid for a class of pseudomanifolds with arbitrary depth strat-
ifications. The main new ingredient is the category of Ku¨nneth com-
plexes; these are cohomologically constructuble complexes with respect
to a fixed stratification, together with additional data, which codifies
triviality structures along the strata. In analogy to what Goreski and
McPherson showed for intersection homology complexes, we prove that
there are unique Ku¨nneth complexes that satisfy the axioms for in-
tersection space complexes introduced by the first and third author.
This uniqueness implies the duality statements in the same scheme as
in Goreski and McPherson theory.
1. Introduction
Intersection spaces were introduced by Banagl as a Poincare´ duality ho-
mology theory for topological pseudomanifolds which is an alternative to
Goreski and MacPherson intersection homology. A very interesting and mo-
tivating feature of the theory is a computation of Banagl, comparing the
betti numbers of the intersection homology and homology of intersection
spaces for the singular variety appearing in the conifold transition: it hints
that homology of intersection spaces is mirror symmetric to intersection
homology (see [3]). The reader may consult [9] or [12] for surveys on the
theory.
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The idea of intersection spaces was sketched for the first time in [3], and
was fully developed for spaces with isolated singularities in [4]. The con-
struction of intersection spaces is not possible for general pseudomanifolds
with non-isolated singularities (several counterexamples exist in the litera-
ture), and it is an open problem to determine when they exist and when
they yield a homology theory with Poincare´ duality. To understand the
connection between intersection space homology and intersection homology
or, more general, the connection with pseudomanifolds per se, an approach
which is applicable to a much bigger class of spaces is needed. Such an
approach is also required for the generalization Banagl’s mirror symmetry
computation for conifold transitions.
Before we present our main results, let us put them into their context
within the intersection spaces theory. In [1], the first and third author
proposed a method to approach intersection spaces and their homology for
pseudomanifolds with arbitrary stratification depth. Before that, spaces of
stratification depth greater than one had only been considered by Banagl
and the second author in [4, 5, 11] for special types of link fibrations and a
low number of strata.
The main novelty of [1] is the following realization: A spatial modific-
tion that generalizes the previous constructions and is valid for arbitrary
stratification depth needs to be implemented for pairs of spaces –modifying
the pseudomanifold and its singular set at the same time. This is done by
an obstruction theory type construction, which eventually results in a pair
of spaces that are natural candidates to generalize intersection spaces. It
is proved that if the link fibrations of the pseudomanifold are trivial and
the trivializations of these fibrations verify some compatibility conditions,
a canonical intersection space pair associated with the system of trivializa-
tions exists. Note, that we explain why toric varieties satisfy these triviality
properties in the present article (this was claimed without proof in [1]).
A second set of results in [1] is the development of a sheaf theoretic ap-
proach to intersection space pairs similar to the one of Goreski and MacPher-
son for intersection homology in [15]. A set of properties, which mimic the
axioms for intersection homology complexes, are introduced. Associated
with any intersection space, there is a unique sheaf complex satisying those
properties, a so called intersection space complex. The homology of the
intersection space pair coincides with the hypercohomology of the intersec-
tion space complex. Moreover, an obstruction theory for the existence and
uniqueness of intersection space complexes is given. It turns out that inter-
section space complexes –if they exist– are not necessarily unique.
Although the shifted Verdier dual of an intersection space complex is an
intersection space complex as well, this cannot be used to prove Poincare´
duality for the hypercohomology of intersection space complexes: Since the
complexes are not unique, one does not automatically get self-dual com-
plexes as in [15]. In this paper we show how to overcome these difficulties
for a class of pseudomanifolds that includes complex toric varieties –the
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class of psedudomanifolds with trivial link bundles and suitable compatibil-
ity conditions for the trivializations. Its precise definition can be found in
Section 3, and coincides with Definition 3.13 of [1] (re-written in a way which
is convenient for our purposes). The main idea of is to enrich the category
and axioms of intersection space complexes in order to be able to obtain
uniqueness characterization results leading to Poincare´ duality in a similar
way than in [15] for intersection homology. Let us give an overview of our
method: Fix a pseudomanifold X and a compatible system of trivializations
(φ1, ..., φk) of the link bundles. We introduce the category of Ku¨nneth com-
plexes (see Definitions 5.2, 5.4). A Ku¨nneth complex is, roughly speaking,
an element of Dbcc(X) enriched with trivializations of the restriction of the
complex to the link bundles, which are induced by the compatible system of
trivializations (φ1, ..., φk). Ku¨nneth morphims respect such trivializations.
We develop the basic properties of the category of Ku¨nneth complexes
and prove that, for any perversity, there exists a unique intersection space
complex IS•p¯(X) that is a Ku¨nneth complex with respect to the compatible
system of trivializations (φ1, ..., φk) (see Propositions 6.2 and 6.3). We call
it the Ku¨nneth intersection space complex of perversity p¯ for the compat-
ible system of trivializations (φ1, ..., φk). We prove that the Verdier dual
of IS•p¯(X) is the Ku¨nneth intersection space complex of the complemen-
tary perversity q¯ in Theorem 6.9. Moreover, the intersection space complex
associated with the intersection space pair (I p¯X, I p¯Xd−2) is IS•p¯(X) (see
Remark 6.4). If the stratification is by complex algebraic varieties, then
the Ku¨nneth intersection space complex of perversity p¯ lives in the derived
category of mixed Hodge modules. As a summary:
Theorem 1.1 (Main Theorem). Let X be a topological stratified pseudo-
manifold of dimension d with a compatible system of trivializations (φ1, ..., φk).
• There is a unique Ku¨nneth intersection space complex for any per-
versity.
• The Verdier dual of the Ku¨nneth intersection space complex for per-
versity p¯ shifted by dimension d, coincides with the Ku¨nneth inter-
section space complex for the complementary perversity.
• If X is a Witt space the Ku¨nneth intersection space complex for the
intermediate perversity is self-dual: DIS•¯m(X)[−d] ∼= IS•¯m(X).
• With the notations above we have Poincare´ duality isomorphisms
Hk(X, IS•p¯(X)) ∼= Hd−k(X, IS•q¯(X))∨.
• Let (I p¯X, I p¯Xd−2) be the intersecion space pair associated with the
system of trivializations. There is a Poincare´ duality isomorphism
Hk(I p¯X, I p¯Xd−2;Q) ∼= Hd−k(I q¯X, I q¯Xd−2;Q)∨.
• If the stratification is by complex algebraic varieties the Ku¨nneth in-
tersection space complex of perversity p¯ lives in the derived category
of mixed Hodge modules, and is unique in this category. Conse-
quently, Poincate duality is an isomorphism of mixed Hodge struc-
tures.
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In the case of toric varieties we provide at least two canonical stratifica-
tions with a compatible system of trivializations: the stratification by orbits
and the stratification by orbits contained in the singular locus.
Corollary 1.2. Toric varieties, with respect to the stratifications mentioned
above, have canonical intersection space complexes in the derived category of
mixed Hodge modules for any perversity. Therefore their hypercohomology
is a Mixed Hodge structure, which satisfies Poincare´ duality in the case of
the middle perversity.
While intersection homology only depends on the topological type of the
pseudomanifold, intersection space complexes depend on the stratification.
Even when the obstruction theory procedure of [1] can be carried out until
the end and the intersection space complex exists, it is unique only in rare
cases (the groups obstructing it are generally non-trivial). Therefore, Verdier
self-dual intersection space complexes for the middle perversity are pretty
rare. We see the results of this paper as a shift in point of view: the
underlying geometric object of a intersection space complex should be a
stratified pseudomanifold with a prescribed structure on the link bundles, and
once this structure is fixed properly, one should obtain a unique intersection
space complex compatible with it. In this paper we take the first step in
this direction by fixing triviality structures. It is an interesting direction
to determine what kind of structures can be considered in the case of non
trivial link bundles.
Another direction of development we would like to point out: compute
the Hodge numbers of the canonical intersection space homologies for the
stratifications of toric varieties introduced above.
2. Notation
In this section we gather terminology and notation that we use throughout
the paper. For a stratified pseudomanifold X with filtration Xd ⊃ Xd−c1 ⊃
.... ⊃ Xd−ck we explain compatible systems of tubular neighborhoods and
compatible systems of trivializations (φ1, ..., φk) in Section 3.1. Let ιl :
X \Xd−cl → X, jl : Xd−cl → X and θl : Xd−cl \Xd−cl+1 → X be the open,
closed and locally closed inclusions of singular strata and their complements
respectively. For any index i let ιil : Z
i
ci \Zici−cl → Zici , jil : Zici−cl → Zici and
θil : Z
i
ci−cl\Zici−cl+1 → Zici be the open, closed and locally closed inclusions of
the singular strata of the pseudomanifold Zici , which belongs to the tubular
neighbourhood of the stratum Xd−ci via φi (see Section 3.1). Observe that
if i < l then ιil is the identity and j
i
l is the empty inclusion. To match our
notation with the literature, we also denote the inclusion of the regular part
ι1 : U := X \ Xd−c1 ↪→ X by i = ι1 and the inclusion of the singular set
j1 : Xd−c1 ↪→ X by j = j1.
We work in the derived category of cohomologically constructible bounded
complexes of sheaves Dbcc. By a slight abuse of notation, we denote right
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derived functors in this category by the same symbol as the functors that
induce them. For example, if i : U ↪→ X is an open inclusion, we write i∗
for Ri∗, the derived functor of the direct image functor i∗. For a map λ of
(sheaf) complexes, we denote its usual mapping cone by C(λ).
3. Systems of trivializations
Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified topological pseudomanifold
(see Definition 3.4 of [1]) of dimension d, where Xd−ci\Xd−ci+1 is the stratum
of codimension ci. In this section we recall the notion of a system of triv-
ializations. A stratified pseudomanifold admits a system of trivializations
if all the strata admit tubular neighborhoods that are trivial fibre bundles,
and the trivializations satisfy certain compatibility relations. For the rest of
this paper, we assume that the strata Xd−ci \Xd−ci+1 are connected. This
assumption keeps the notation in our proofs in check. The arguments in
the general case are analogous, with a more complicated notation. Only the
section on toric varieties is written without this assumption.
3.1. Compatible tubular neighborhoods. First we require that our strat-
ified topological pseudomanifold satisfies the following conditions, which are
a slight weakening of the notion of Conical Structure with respect to the
stratification, introduced in [1, Definition 3.5]. For each i ∈ {1, ..., k} there
is a closed neighborhood TXd−ci of Xd−ci \Xd−ci+1 in X \Xd−ci+1 with the
following properties:
• Let TXd−ci be the closure of TXd−ci in X. There is a locally trivial
fibration pii of 2i-tuples of spaces with total space
(TXd−ci \Xd−ci+1) ∩ (X,TXd−c1 , Xd−c1 , ..., TXd−ci−1 , Xd−ci−1 , Xd−ci)
and base Xd−ci \Xd−ci+1 . Its fibre is
(Zici , TZ
i
ci−c1 , Z
i
ci−c1 , ..., TZ
i
ci−ci−1 , Z
i
ci−ci−1 , Z
i
0),
where Zici ⊃ Zici−c1 ⊃ Zici−ci−1 ⊃ Zi0 is a topological pseudomanifold
of dimension ci and 0-dimensional smallest stratum equal to a point,
which is a cone (with vertex Zi0) over a compact pseudomanifold
Li of dimension ci − 1, called the transversal link of the stratum
Xd−ci \Xd−ci+1 . For each j ≤ i− 1 the subset TZici−cj is a tubular
neighborhood around the cj-codimensional stratum of Z
i
ci−cj .
• For any i1 < i2 we have the equality
(TXd−ci1 \Xd−ci1+1) ∩ TXd−ci2 = pi−1i1 ((Xd−ci1 \Xd−ci1+1)) ∩ TXd−ci2 ).
Moreover, the compatibility
(1)
(TXd−ci1 \Xd−ci1+1) ∩ TXd−ci2 (Xd−ci1 \Xd−ci1+1)) ∩ TXd−ci2
Xd−ci2 \Xd−ci2+1
pii2 |
pii1 |
pii2 |
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is satisfied.
Definition 3.1 (Compatible system of neighborhoods).
Given a topological pseudomanifold Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck , a system
of neighborhoods TXd−ci of Xd−ci \Xd−ci+1 in X \Xd−ci+1, and fibrations
pii for i ∈ {1, ..., k} satisfying the properties above is a compatible system of
tubular neighborhoods.
3.2. Systems of trivializations. Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a
pseudomanifold that admits a compatible system of tubular neighborhoods
as in 3.1.
T
T ′
pi
pi′
S′AS
X
Figure 1. The intersection of tubular neighbourhoods of strata
Definition 3.2 (System of trivializations).
A system of trivializations is a tuple (φ1, . . . , φk) of homeomorphisms φi of
2i-tuples from
(TXd−ci \Xd−ci+1) ∩ (X,TXd−c1 , Xd−c1 , ..., TXd−ci−1 , Xd−ci−1 , Xd−ci)
to
(2) (Zici , TZ
i
ci−c1 , Z
i
ci−c1 , ..., TZ
i
ci−ci−1 , Z
i
ci−ci−1 , Z
i
0)× (Xd−ci \Xd−ci+1)
such that φi composed with the projection to the second factor equals pii.
Let i1 < i2 and consider the intersection
(3) A := (TXd−ci1 \Xd−ci1+1) ∩ TXd−ci2 .
The region A is illustrated in Figure 1 as the green surface. The tube
TXd−ci2 of the lower dimensional stratum is labeled T in the figure and
highlighted in blue, whereas restricted tube TXd−ci1 \Xd−ci1+1 is labeled T ′
and highlighted in yellow. The stratum Xd−ci2 \Xd−ci2+1 is called S in the
picture and the stratum Xd−ci1 \Xd−ci1+1 is called S′.
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Using the trivialization φi2 |A we have a homeomorphism
(4) φi2 |A : A→ (TZi2ci2−ci1 \ Z
i2
ci2−ci1+1)× (Xd−ci2 \Xd−ci2+1)
Using the trivialization for φi1 |A we have a homeomorphism
(5) φi1 |A : A→ Zi1ci1 × ((Xd−ci1 \Xd−ci1+1) ∩ TXd−ci2 ).
Using the trivilization φi2 restricted to (Xd−ci1 \ Xd−ci1+1) ∩ TXd−ci2 we
obtain a homeomorphism
(6) φi2 | : (Xd−ci1 \Xd−ci1+1) ∩ TXd−ci2 → Z
i2
ci2−ci1 × (Xd−ci2 \Xd−ci2+1).
Combining the homeomorphisms (4), (5) and (6), and using the compatibil-
ity (1), we obtain a homeomorphism
(7)
Zi1ci1
× Zi2ci2−ci1 × (Xd−ci2 \Xd−ci2+1)
(TZi2ci2−ci1 \ Z
i2
ci2−ci1+1)× (Xd−ci2 \Xd−ci2+1)
ψi1,i2 = (φi1 |)−1 ◦ idZi1ci1
◦ (φi2 |)−1
of the form
(8) ψi1,i2(x, y, z) = (αz(x, y), z)
where x, y and z are points in each of the factors of the source and αz is a
homeomorphism that may depend on z.
The last equation has the following meaning. For any i2 and any z ∈
Xd−ci2 \Xd−ci2+1 the stratified pseudomanifold
Zi2ci2
⊃ Zi2ci2−c1 ⊃ Z
i2
ci2−ci2−1 ⊃ Z
i2
0 ,
together with the compatible system of tubular neighborhoods TZi2ci2−ci1
for 1 ≤ i1 ≤ i2, has a system of trivializations. In fact for any i1 ≤ i2
the trivialization is given by the inverse of the homeomorphism αz defined
in (8).
Definition 3.3 (Compatible system of trivializations).
A compatible system of trivializations of Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck is a
system such that αz is independent of z for any i1 < i2.
Remark 3.4. Given a compatible system of trivializations of Xd ⊃ Xd−c1 ⊃
.... ⊃ Xd−ck and a perversity p¯, we have the following.
(1) A compatible system of trivializations is inherited for each of the
pseudomanifolds Zici ⊃ Zici−c1 ⊃ Zici−ci−1 ⊃ Zi0.
(2) The construction of [1] provides a (non-necessarily unique) intersec-
tion space pair (I p¯X, I p¯Xd−2) (see Definition 3.27 of [1]).
As a first example for compatible systems of trivializations, we explain
how to extend such a system from a pseudomanifold X to its cone C(X).
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Example 3.5 (Trivializations on a cone). If Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck is a
pseudomanifold with a compatible system of trivializations (φ1, . . . , φk) and
Y = C(X) with vertex {v} , then Y has a filtration Y = Yd+1 ⊃ Yd+1−c1 ⊃
. . . ⊃ Yd+1−ck ⊃ Y0 = {v} with Yd+1−ci = C(Xd−ci). Moreover, Y has a
compatible system of neighbourhouds TYd+1−ci := C(TXd−ci) and TY0 := Y
with
TYd+1−ci \ Yd+1−ci+1 = TXd−ci \Xd−ci+1 × (0, 1),
and the homeomorphisms φi × id from TYd+1−ci \ Yd+1−ci+1 to
Zici ×
(
Yd+1−ci \ Yd+1−ci+1
)
= Zici ×
(
Xd−ci \Xd−ci+1 × (0, 1)
)
and φ0 = id : TY0
∼=−→ C(X) × {v} give rise to a compatible system of
trivializations (φ1 × id, . . . , φk × id, φ0) of Y = Yd+1 ⊃ Yd+1−c1 ⊃ . . . ⊃
Yd+1−ck ⊃ Y0.
We present an important class of pseudomanifolds that admit compati-
ble systems of trivializations in the following section: toric varieties. The
stratifications that come with such a compatible system of trivializations
are inherited from the torus action of such a variety.
4. Trivialization structure for Toric Varieties
In this section, we expound how the group action on toric varieties induces
a compatible system of trivializations for stratifications which are compatible
with the torus action in the sense explained below.
Recall that an algebraic normal variety X is called an n-dimensional toric
variety if there is group action T×X → X of the complex torus T ∼= (C∗)n
which is almost transitive and effective. As a general reference we use [13].
Definition 4.1. Let X be complex toric variety. A pseudomanifold structure
X = X2d ⊃ X2d−2c1 ⊃ .... ⊃ X2d−2ck is compatible with the torus action if
each non-open stratum is an orbit of the torus action.
Remark 4.2. Given a complex toric variety, there are two canonical pseu-
domanifold structures which are compatible with the torus action on it. The
first one has all the orbits as strata. The strata of the second one are the
non-singular loci as well as the orbits which are contained in the singular
set.
4.1. Reminder on toric geometry facts. A toric variety of complex di-
mension d is given by a fan ∆ in Zd, which is a set of rational strongly
convex polyhedral cones in Rd = Zd ⊗ R such that each face of a cone in ∆
is also in ∆, and such that any two cones intersect in a common face. Let
X∆2d be the toric variety associated with ∆. The orbits of the group action
are in a 1 : 1 correspondence with the faces of ∆. Given any face σ of ∆,
the complex dimension of the orbit O∆σ associated with it equals d−dim(σ),
where dim(σ) denotes the real dimension of the affine subspace spanned by
σ in Rd. Moreover, there is an affine open subset U∆σ of X∆2d, which is the
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affine toric variety associated with the polyhedral cone σ, and O∆σ is the
only closed orbit of U∆σ . We denote by Iσ the stabilizer of any point of O
∆
σ
by the torus action. It is independent of the point in O∆σ , because the torus
is abelian, and it is isomorphic to (C∗)dim(σ).
Let us fix a generic complete flag
(9) T1 ⊂ T2 ⊂ ... ⊂ Td = (C∗)d
of subtori of (C∗)d. Generic means that Ti acts transitively on every orbit
of dimension i. This is equivalent to the fact that for any face σ, we have
the equality Td−dim(σ) ∩ Iσ = {(1, ..., 1)}, and hence that we have the direct
sum splitting
(10) (C∗)d = Td−dim(σ) ⊕ Iσ.
We denote by ρ∆σ : (C∗)d → Td−dim(σ) the corresponding projection to the
first factor.
Any face σ can be seen as a strongly convex rational polyhedral cone in
Vσ, where Vσ is the vector subspace spanned by σ (which is defined over Q,
and where we consider the lattice given by the intersection of Zd with Vσ).
We can then associate with σ a dim(σ)-dimensional toric variety Xσ2 dim(σ),
which is a compactification of the torus Iσ.
The group Td−dimσ acts freely on U∆σ , and the action induces a product
structure
(11) U∆σ = Td−dim(σ) ×Xσ2 dim(σ),
which extends the direct sum decomposition (10). We denote by ρ¯∆σ :
(C∗)d → Td−dim(σ) the corresponding projection to the first factor. Notice
that Tdim(σ) can be identified with the orbit O∆σ .
Given any face σ, for any i ∈ {1, ...,dim(σ)} we define the torus Tiσ :=
Ti−d+dim(σ) ∩ Iσ . We obtain a flag of subtori
(12) T1σ ⊂ T2σ ⊂ ... ⊂ Tdim(σ)σ .
Given two faces σ, τ of the fan ∆, the inclusion τ ⊂ σ is equivalent to the
inclusion O
∆
τ ⊃ O∆σ . Assume the inclusion holds. Then we have that Iτ is
a subgroup of Iσ. The flag (12) satisfies the equality T
dim(σ)−dim(τ)
σ ∩ Iτ =
{(1, ..., 1)}. Let Uστ be the affine open subset of the toric variety Xσ2 dim(σ)
corresponding with the face τ . The action of Tdim(σ)−dim(τ)σ on Uστ is free
and induces a product structure
(13) Uστ = Tdim(σ)−dim(τ)σ ×Xτ2 dim(τ),
analogously to the way in which the product structure (11) was obtained.
Also, if we have the inclusion τ ⊂ σ, then we have the inclusion U∆τ ⊂ U∆σ
of affine open subsets of X2d. The action of the group Td−dim(σ) restricts
10 M. AGUSTI´N, J.T. ESSIG, AND J. FERNA´NDEZ DE BOBADILLA
to a free action on U∆τ , and the product structure (11) induces a product
structure
(14) U∆τ = Td−dim(σ) × Uστ .
Combining with the product structure (13) we obtain
(15) U∆τ = Td−dim(σ) × Tdim(σ)−dim(τ)σ ×Xτ2 dim(τ) = Td−dim(τ) ×Xτ2 dim(τ),
which is the product structure associated with the face τ in ∆. This implies
the following relation of projection mappings
(16) ρ∆σ |U∆τ = ρ∆σ |O∆τ ◦ ρ∆τ .
4.2. Toric stratified varieties and their trivialization structures.
Consider a complex toric variety X = X2d ⊃ X2d−2c1 ⊃ . . . ⊃ X2d−2ck
with a pseudomanifold structure compatible with the torus action. Then
X2d−2ci \X2d−2ci+1 is a disjoint union of orbits Oσ, where σ is a face in ∆
of dimension ci. We build a compatible system of tubular neighborhoods
and trivializations by increasing induction on the dimension ci. Let C be
the set of faces corresponding to strata. Split C = ∐ki=1 Ci, where Ci is the
collection of faces of dimension ci whose associated orbit is a stratum.
Given σ ∈ C1, the affine toric variety Xσ2 dim(σ) has a unique 0-dimensional
orbit. Let Yσ be the intersection of X
σ
2 dim(σ) with a small closed ball centered
at the 0-dimensional orbit. Define the tubular neighborhood TO∆σ to be the
image of Td−c1 × Yσ in U∆σ by the product structure (11). Hence we have a
product structure
(17) TO∆σ = Td−dim(σ) × Yσ = O∆σ × Yσ,
where the first factor projection is given by the restriction ρ∆σ |TO∆σ . If the
balls are chosen small enough, the neighborhoods TO∆σ are mutually disjoint
for varying σ in C1.
Assume that the tubular neighborhoods TO∆σ have been constructed for
every σ ∈∐i−1j=1 Ci. Choose σ ∈ Ci. As before the affine toric variety Xσ2 dim(σ)
has a unique 0-dimensional orbit. Let Y 0σ be the intersection ofX
σ
2 dim(σ) with
a small closed ball centered at the 0-dimensional orbit. Let τ ∈ Cσ, where
Cσ are the faces in C contained in σ. By the induction hypothesis applied
to the affine toric variety associated to the cone σ, with the stratification
whose strata are indexed by Cσ, there is a tubular neighborhood TOστ of Oστ
in Uστ , together with a product structure
(18) TOστ = O
σ
τ × Yτ ,
where the first factor projection is given by the restriction ρστ |TOστ . Define
Yσ := Y
0
σ ∪
( ⋃
τ∈Cσ
(ρστ |TOστ )−1(Oστ ∩ Y 0σ )
)
.
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Define the tubular neighborhood TO∆σ to be the image of Td−ci × Yσ in U∆σ
by the product structure (11). As before, we have a product structure
(19) TO∆σ = Td−dim(σ) × Yσ = O∆σ × Yσ,
where the first factor projection is given by the restriction ρ∆σ |TO∆σ . Again,
if the balls are chosen small enough, the neighborhoods TO∆σ are mutually
disjoint for varying σ in Ci.
By construction, the system of neighborhoods and the product structures
above are a compatible system of neighborhoods and a compatible system
of trivializations.
5. Ku¨nneth structures
Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudomanifold with
a compatible system of tubular neighborhoods and a compatible system
of trivializations (φ1, ..., φk). As we explained above, for any i ≤ k the
normal slice Zici ⊃ Zici−c1 ⊃ Zici−ci−1 ⊃ Zi0 is a stratified pseudomanifold
that inherits a compatible system tubular neighborhoods and a compatible
system of trivializations (φi1, ..., φ
i
i). For each i1 < i the trivialization φ
i
i1
induces a product structure
(20) φii1 : TZ
i
ci−ci1 → Z
i1
ci1
× (Zici−ci1 \ Z
i
ci−ci1+1).
Notice, however, that since the lowest dimensional stratum Zi0 is a point,
the trivialization φii is meaningless.
In the following, we define the Ku¨nneth property for a sheaf complex with
respect to a compatible system of trivializations. We do this by induction
on the dimension d.
A sheaf complex K• ∈ Dbcc(Xd) satisfies the Ku¨nneth property with re-
spect to the compatible system of trivializations (φ1, ..., φk) if
(i) for any i ∈ {1, ..., k} there exists a sheaf complex L•i ∈ Dbcc(Zici) that
satisfies the Ku¨nneth property with respect to the compatible system
of trivializations (φi1, ..., φ
i
i), and a trivializing isomorphism
βi : K
•|TXd−ci\Xd−ci+1
∼=−→ φ∗i (pii1)∗L•i ,
where pi1 denotes the projection to the first factor in the product
structure (2).
(ii) For any i1 < i2 the following compatibility relation is satisfied. Con-
sider the restriction K•|A, where A is defined in (3). The trivializing
isomorphisms βi1 and βi2 restrict to isomorphisms
(21) βi1 |A : K•|A
∼=−→ (φi1 |A)∗(pii11 )∗L•i1 ,
(22) βi2 |A : K•|A
∼=−→ (φi2 |A)∗(pii21 )∗L•i2 |TZi2ci2−ci1 \Z
i2
ci2
−ci1+1
.
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Since L•i2 satisfies the Ku¨nneth property with respect to the com-
patible system of trivializations (φi21 , ..., φ
i2
i2
), there is a trivializing
isomorphism
βi2i1 : L
•
i2 |TZi2ci2−ci1 \Z
i2
ci2
−ci1+1
→ (φi2i1)∗(pi
i2,i1
1 )
∗L•i1 ,
where pii2,i11 denotes the first projection in the product structure (20).
Together with (22) this induces an isomorphism
(23) (φi2 |A)∗(pii21 )∗βi2i1 ◦ βi2 |A : K•|A
∼=−→ (φi2 |A)∗(pii21 )∗(φi2i1)∗(pi
i2,i1
1 )
∗L•i1 .
By the compatibility (1) and the fact that the system of trivializa-
tions is compatible we have the equality
(φi1 |A)∗(pii11 )∗L•i1 = (φi2 |A)∗(pii21 )∗(φi2i1)∗(pi
i2,i1
1 )
∗L•i1 .
Under this equality, the compatibility relation that has to be satisfied
is the equality
(24) βi1 |A = (φi2 |A)∗(pii21 )∗βi2i1 ◦ βi2 |A.
Remark 5.1. Observe that when ci = d the dimension of Z
i
ci is equal to the
dimension of Xd, but in this case the product structure associated with the
stratum is trivial, and the Ku¨nneth property just predicts an isomorphism
βi : K
•|TX0
∼=−→ L•i . By this remark the definition by induction on the
dimension is possible.
Definition 5.2 (Ku¨nneth structures).
Again this definition is by induction on the dimension. Let Xd ⊃ Xd−c1 ⊃
.... ⊃ Xd−ck be a stratified pseudomanifold with a compatible system of tubu-
lar neighborhoods and a compatible system of trivializations (φ1, ..., φk). Let
K• ∈ Dbcc(Xd). A Ku¨nneth structure for K• is a tuple (L•1, β1, ...,L•k, βk),
where each L•i is a Ku¨nneth complex on Z
i
ci and which satisfies the Ku¨nneth
property defined above.
The set of data (K•, (L•1, β1, ...,L•k, βk)) is called a Ku¨nneth complex. If
it does not lead to confusion we often denote a Ku¨nneth complex by just K•.
Remark 5.3. Notice that, for any i ∈ {1, ..., k}, a Ku¨nneth structure for
K• induces a Ku¨nneth structure for L•i for the inherited compatible system
of neighborhoods and trivializations of Zid−ci.
Definition 5.4 (Ku¨nneth morphisms).
Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudomanifold with a
compatible system of tubular neighborhoods and a compatible system of triv-
ializations (φ1, ..., φk). A Ku¨nneth morphism
(K•; (L•1, β1, ...,L
•
k, βk))→ (G•; (I•1, β′1, ..., I•k, β′k))
of Ku¨nneth complexes is a morphism in the derived category Ψ : K• → G•,
and a sequence of Ku¨nneth morphisms ψi : L
•
i → I•i such that for any
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i ∈ {1, ..., k} the diagram
K•|TXd−ci\Xd−ci+1 (φi)
∗(pii1)
∗L•1
G•|TXd−ci\Xd−ci+1 (φi)
∗(pii1)
∗I•i
βi
∼=
Ψ φ
∗
i pi
∗
1ψi
β′i
∼=
commutes.
Observe that the definition above is by induction on the dimension, and
is possible because of Remark 5.1.
Remark 5.5. Notice that, for any i ∈ {1, ..., k}, by the compatibility prop-
erties stated above, a Ku¨nneth morphism
(K•; (L•1, β1, ...,L
•
k, βk))→ (G•; (I•1, β′1, ..., I•k, β′k))
induces an Ku¨nneth morphism from L•i to I
•
i for the inherited Ku¨nneth struc-
tures.
Lemma 5.6 (Ku¨nneth structure for mapping cones).
Let (K•; (L•1, β1, ...,L•k, βk)) and (G
•; (I•1, β′1, ..., I•k, β
′
k)) be Ku¨nneth com-
plexes and let Ψ : K• → G•, ψi : L•i → I•i provide a Ku¨nneth morphism
between them. Then cone(Ψ) has an induced Ku¨nneth structure for the same
system of trivializations such that all the morphisms of the triangle
→ K• Ψ−→ G• → cone(Ψ) [1]−→
fit into Ku¨nneth morphisms.
Suppose we have a commutative diagram of Ku¨nneth morphisms
(K•1; (L
•
1,1, β1,1, ...,L
•
1,k, β1,k)) (G
•
1; (I
•
1,1, β
′
1,1, ..., I
•
1,k, β
′
1,k))
(K•2; (L
•
2,1, β2,1, ...,L
•
2,k, β2,k)) (G
•
1; (I
•
2,1, β
′
2,1, ..., I
•
2,k, β
′
1,k)),
Ψ1
ρ σ
Ψ2
Then the Ku¨nneth morphisms ρ and σ induce a Ku¨nneth morphism from
cone(Ψ1) to cone(Ψ2), which provides a morphism of the corresponding tri-
angles in which all arrows are Ku¨nneth morphisms.
Proof. By [14] III.3.2. we have cone(Ψ) = K•[1]⊕G•. The Ku¨nneth struc-
ture for the cone is provided by the morphisms
(βi[1], β
′
i) : K
•[1]| ⊕G•| ∼=−→ φ∗i (pii1)∗L•i [1]⊕ φ∗i (pii1)∗I•i ,
where we restrict K•[1] and G• to TXd−ci \Xd−ci+1 .
The second assertion is straightforward. 
We want to give some straightforward examples for Ku¨nneth structures.
To do so, we use the notation for the inclusions of singular strata and their
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complements of X and the Zici that belong to Xd−ci via the system of trivial-
izations that was explained in Section 2: ιl : X \Xd−cl → X, jl : Xd−cl → X
and θl : Xd−cl \ Xd−cl+1 → X and, for any index i, ιil : Zici \ Zici−cl → Zici ,
jil : Z
i
ci−cl → Zici and θil : Zici−cl \Zici−cl+1 → Zici are open, closed and locally
closed inclusions. To match our notation with the literature, we also denote
the inclusion of the regular part ι1 : U := X \Xd−c1 ↪→ X by i = ι1 and the
inclusion of the singular set j1 : Xd−c1 ↪→ X by j = j1.
Example 5.7 (Ku¨nneth property of the constant sheaf). Let Xd ⊃ Xd−c1 ⊃
.... ⊃ Xd−ck be a stratified pseudomanifold with a compatible system of tubu-
lar neighborhoods and a compatible system of trivializations (φ1, . . . , φk).
As easy examples for Ku¨nneth structures, we look at the constant sheaf
QX ∈ Dbcc, the direct image i∗QU ∈ Dbcc of the constant sheaf on the
regular part, and the sheaf j∗j∗i∗QU . For the constant sheaf QX , take
L•i := QZici . For i∗QU take L
•
i := (ι
i
1)∗QZici\Zici−c1
. For j∗j∗i∗QU take
L•i := (j
i
1)∗(ji1)∗(ιi1)∗QZici\Zici−c1
.
There is a useful generalization of the example above.
Example 5.8. Let G be a abelian group. Denote by GY be the constant
sheaf with stalk G on Y . The complex (θl)∗GXd−cl\Xd−cl+1 has canonical a
Ku¨nneth structure with L•i = (θ
i
l)∗GZici−cl\Z
i
ci−cl+1
induced from the system
of trivializations.
Proposition 5.9. Let K• be a constructible complex and (L•1, β1, ...,L•k, βk)
be a Ku¨nneth structure for K•. The following are satisfied
(I) the complex (ιl)∗(ιl)∗K• has a Ku¨nneth structure given by
((ι1l )∗(ι
1
l )
∗L•1, γ1, ..., (ι
k
l )∗(ι
k
l )
∗L•k, γk),
where γi is the composition of (ιl)∗(ιl)∗βi and the natural isomor-
phism from (ιl)∗(ιl)∗φ∗i (pi
i
1)
∗L•i to φ
∗
i (pi
i
1)
∗(ιil)∗(ι
i
l)
∗L•i .
(II) the complex (ιl)!(ιl)
!K• has a Ku¨nneth structure given as above, re-
placing (ιil)∗ and (ι
i
l)
∗ by (ιil)! and (ι
i
l)
! respectively.
(III) the complex (jl)∗(jl)∗K• has a Ku¨nneth structure given as in (I),
replacing (ιil)∗ and (ι
i
l)
∗ by (jil )∗ and (j
i
l )
∗ respectively.
(IV) the complex (θl)∗(θl)∗K• has a Ku¨nneth structure given as in (I),
replacing (ιil)∗ and (ι
i
l)
∗ by (θil)∗ and (θ
i
l)
∗ respectively.
(V) the adjunction morphisms K• → (ιl)∗(ιl)∗K•, L•i → (ιil)∗(ιil)∗L•i pro-
vide a morphism of Ku¨nneth structures. The same is true for the ad-
junctions K• → (jl)∗(jl)∗K•, K• → (θl)∗(θl)∗K• and (ιl)!(ιl)!K• →
K•.
Proof. Left to the reader. 
Lemma 5.10. Let K• be a Ku¨nneth complex. For any stratum there are
integers a ≤ b, abelian groups Gr for a ≤ r ≤ b and a Ku¨nneth isomorphism
(θn)∗(θn)∗K• ∼= ⊕br=a(θn)∗(Gr)Xd−cn\Xd−cn+1 [−r],
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where (Gr)Xd−cn\Xd−cn+1 [−r] denotes the constant sheaf at Xd−cn \Xd−cn+1
with stalk Gr shifted to degree r, and the Ku¨nneth structure considered in
each direct summand on the right is defined in Example 5.8.
Proof. The proof is an immediate consequence of Property (i) of Ku¨nneth
structures. It implies that θ∗nK• is isomorphic to the pullback of a sheaf
complex over a point, which is just a chain complex of abelian groups. Since
every chain complex is quasi-isomorphic to the direct sum of its homology
groups, there is an isomorphism to a direct sum of constant sheaves
(θn)
∗K• ∼= ⊕br=a(Gr)Xd−cn\Xd−cn+1 [−r],
and Example 5.8 gives the statement. 
6. The Ku¨nneth intersection space complex
In the following, we construct a Ku¨nneth intersection space complex of
sheaves for any perversity, that is a Ku¨nneth complex that satisfies the
axioms [AXS1] of [1]. We show that this complex is characterized (up to
Ku¨nneth isomorphism) by a set of properties, just as for intersection homol-
ogy. We use that result to show that the Verdier dual of such a sheaf complex
is again a Ku¨nneth intersection space complex for the complementary per-
versity. As a consequence, for the intermediate perversity, and in the case of
Witt spaces we get is self-dual complexes. This establishes Poincare´ dual-
ity for intersection space cohomology for pseudomanifolds with compatible
trivializations.
We remind axioms [AXS1] for convenience of the reader. Let Xd ⊃
Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudomanifold with a compatible
system of tubular neighborhoods and a compatible system of trivializations
(φ1, ..., φk). Let p¯ be a perversity with complementary perversity q¯. A
complex B• ∈ Dbcc(Xd) satisfies [AXS1] if for any l ≤ k
(a) B•|Xd\Xd−c1
is quasi-isomorphic to QXd\Xd−c1 ,
(b) the cohomology sheaf Hi(B•) is 0 if i /∈ {0, 1, ..., d},
(cl) Hi((j∗l B•)|Xd−cl\Xd−cl+1 ) is equal to 0 if i ≤ q¯(cl),
(dl) the natural morphism
Hi((j∗l B•)|Xd−cl\Xd−cl+1 → H
i((j∗l il∗i
∗
lB
•)|Xd\Xd−cl+1 )
is an isomorphism if i > q¯(cl).
Properties [AXKS1p¯]n: fix n ∈ {1, . . . , k + 1}. We say that a Ku¨nneth
complex (
B•(X), (B•(Z1c1), β1, . . . ,B
•(Zkck), βk)
)
satisfies the properties [AXKS1p¯]n if
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(an) the restrictions
B•(X)|X\Xd−cn ∈ Dbcc(X \Xd−cn) and
B•(Zici)|Zici\Zici−cn ∈ D
b
cc(Z
i
ci \ Zici−cn)
satisfy the axioms [AXS1] for perversity p¯.
(bn) there are isomorphisms of Ku¨nneth complexes
(ι1)∗(ι1)∗B•(X)
∼=−→ (ι1)∗QX\Xd−c1 ,
(ιi1)∗(ι
i
1)
∗B•(Zici)
∼=−→ (ιi1)∗QZici\Zici−c1
(cn) the adjunction morphisms B
•(X)→ (ιn)∗(ιn)∗B•(X) and B•(Zici)→
(ιin)∗(ιin)∗B•(Zici) are isomorphisms of Ku¨nneth complexes.
On the Zici we always use the compatible system of trivializations inherited
by X and also the induced Ku¨nneth structure on B•(Zici) mentioned in
Remark 5.3.
Using a similar technique as in [1, Theorem 7.3] and the definition of
Ku¨nneth structures, we construct a sequence(
K•j (X), (K
•
j (Z
1
c1 , β1, . . . , Zck)k , βk
)
j∈{1,...k+1}
of Ku¨nneth complexes such that K•n satisfies the properties [AXKS1p¯]n.
n = 1. We set K•1(X) := (ι1)∗QX\Xd−c1 and K
•
1(Z
i
ci) := (ι
i
1)∗QZici\Zici−c1
.
We explain in Example 5.7 that this gives rise to a Ku¨nneth complex and it
is obvious that this complex satisfies the properties [AXKS1p¯]1, since the
spaces X \Xd−c1 and Zici \ Zici−c1 are nonsingular.
n→ n + 1. Let (K•n(X), (K•n(Z1c1), β1, . . . ,K•n(Zkck), βk) be a Ku¨nneth com-
plex on X that satisfies the properties [AXKS1p¯]n. We extend it to a
Ku¨nneth complex that satisfies the properties [AXKS1p¯]n+1. We need to
define K•n+1(X) and K•n+1(Zici) for all i ∈ {1, . . . , l} . If i < n we define
K•n+1(Zici) := K
•
n(Z
i
ci).
For i = n, the space Zncn is a cone with vertex v. We denote by jv : {v} →
Zncn the closed inclusion and iZ˚ncn
: Z˚ncn → Zncn the open inclusion of the
punctured cone.
By [1, Theorem 9.10], the natural map
τ≤q¯(n)jv∗j
∗
v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn → jv∗j
∗
v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn
has a unique splitting
λ : jv∗j
∗
v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn → τ≤q¯(cn)jv∗j
∗
v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn .
Define K•n+1(Zncn) := C(λ ◦ α)[−1], where
α : iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn → jv∗j
∗
v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn
is the adjunction morphism.
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For i > n we proceed as follows: by Property (cn), the adjunction K
•
n(Z
n
cn)→
(ιnn)∗(ιnn)∗K•n(Zncn) is an isomorphism. Then, the Ku¨nneth structure gives
isomorphisms
K•n(X)|TXd−cn\Xd−cn+1 ∼= φ
∗
n(pi
n
1 )
∗K•n(Z
n
cn)
∼= φ∗n(pin1 )∗(ιnn)∗K•n(Zncn)|Z˚ncn
= (θn)∗(pin1 ◦ φn|Xd−cn\Xd−cn+1 )
∗j∗v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn ,
where we used the equality pin1 ◦ φn ◦ θn = jv ◦ φn|Xd−cn\Xd−cn+1 ◦ pin1 in the
second line. Define ϕλ as the Ku¨nneth morphism given by composition of
the adjunction morphism
a : K•n(X)→ (θn)∗(θn)∗K•n(X)
with the splitting
(θn)∗(pin1 ◦ φn|Xd−cn\Xd−cn+1 )
∗j∗v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn
(θn)∗τ≤q¯(cn)(pi
n
1 ◦ φn|Xd−cn\Xd−cn+1 )
∗j∗v iZ˚ncn ∗
K•n(Z
n
cn)|Z˚ncn
induced by λ. We then set
K•n+1(X) := (ιn+1)∗(ιn+1)
∗C(ϕλ)[−1].
Since the restriction θn : Xd−cn \Xd−cn+1 ↪→ Uk+1 is a closed inclusion and
direct images of closed inclusions commute with truncations, the arguments
in the proof of [1, Theorem 7.3] (see p.39 therein) can be applied to de-
duce that K•n+1(X)|X\Xd−cn+1 satisfies the [AXS1] properties. The same is
true for the analogously defined K•n+1(Zici)|Zici−cn+1 . Proposition 5.9 and
Lemma 5.6 give, that(
K•n+1(X), (K
•
n+1(Z
1
c1), β1, . . . ,K
•
n+1(Z
k
ck
), βk
)
is a Ku¨nneth complex. Property (b) is satisfied, since Property (b) holds
for K•n(X) and there is an isomorphism of Ku¨nneth structures K•n(X) ∼=
(ιn)∗(ιn)∗K•n+1(X). Property (c) for K•n+1(X) holds because the composi-
tion (ιn+1)
∗(ιn+1)∗ is equal to the identity.
Taking n = k + 1, we proved the following.
Definition 6.1. Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudoman-
ifold with a compatible system of tubular neighborhoods and a compatible
system of trivializations (φ1, ..., φk). Let p¯ be a perversity. A Ku¨nneth in-
tersection space complex (IS•p¯(X), (IS
•
p¯(Z
1
c1), β1, ..., IS
•
p¯(Z
k
ck
), βk)) for perver-
sity p (KIS-complex, for short) is a Ku¨nneth complex satisfying the following
Properties [AXKS1p¯].
• The complexes IS•p¯(X), IS•p¯(Zici), i ∈ {1, . . . , k} satisfy the proper-
ties [AXS1] for perversity p¯.
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• there are Ku¨nneth isomorphisms
(ι1)∗(ι1)∗IS•p¯(X) ∼= (ι1)∗QX\Xd−c1 and
(ιi1)∗(ι
i
1)
∗IS•p¯(Z
i
ci)
∼= (ιi1)∗QZici\Zici−c1
(We again use the inherited compatible systems of trivializations and the
induced Ku¨nneth structures on the Zici .)
Proposition 6.2 (Existence of KIS-complexes). Given a stratified pseudo-
manifold with a compatible system of tubular neighborhoods and a compatible
system of trivializations, a Ku¨nneth intersection space complex exists for any
perversity.
The next proposition shows that there is a unique (up to Ku¨nneth iso-
morphism) Ku¨nneth intersection space complex on X.
Proposition 6.3 (Uniqueness of KIS-complexes).
Let
(
L•(X), (L•(Z1c1 , β1, . . . ,L
•(Zkck), βk
)
be a Ku¨nneth complex on X that
satisfies the properties [AXKS1p¯]. Then, there is a Ku¨nneth isomorphism
L•(X) ∼= IS•p¯(X). In other words, a KIS-complex for perversity p¯ is unique
up to Ku¨nneth isomorphism.
Proof. The proof is based on an induction showing that if L•n(X) is a
Ku¨nneth complex on X satisfying the [AXKS1p¯]n properties, then there
is a Ku¨nneth isomorphism L•n(X) ∼= K•n(X) to the Ku¨nneth complex con-
structed at the beginning of Section 6.
n = 1. Axioms (b1) and (c1) imply, that L
•
1(X)
∼= (ι1)∗QX\Xd−c1 ∼=
K•1(X).
n→ n + 1. Let (L•n+1(X), (L•n+1(Z1c1), β1, . . . ,L•n+1(Zkck), βk)) be a Ku¨nneth
complex on X that satisfies the axioms [AXKS1p¯]n+1. We consider the dis-
tinguished triangle associated to the following adjunction f .
(25) L•n+1(X) (ιn)∗(ιn)
∗L•n+1(X) cone(f)
f [1]
Since (ιn)
∗(ιn)∗ = id, the restriction of the mapping cone of f to Un vanishes,
(ιn)
∗cone(f) = 0. Since ιn is an open inclusion, one has (ιn)∗ = (ιn)! and
hence the adjunction triangle
(ιn)!(ιn)
∗cone(f)→ cone(f)→ (jn)∗(jn)∗cone(f)→ [1]
implies that cone(f) ∼= (jn)∗(jn)∗cone(f).We apply the functor (ιn+1)∗(ιn+1)∗
to the above triangle (25) and use the equality of functors
(ιn+1)∗(ιn+1)∗(jn)∗(jn)∗ = (θn)∗(θn)∗
to arrive at the following triangle of Ku¨nneth structures.
L•n+1(X) (ιn)∗(ιn)
∗L•n+1(X) (θn)∗(θn)
∗cone(f)f
[1]
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Since the Ku¨nneth complex (ιn)∗(ιn)∗L•n+1(X) satisfies the properties [AXKS1p¯]n,
by the induction assumption, there is a Ku¨nneth isomorphism
(ιn)∗(ιn)∗L•n+1(X) K
•
n(X) (ιn)∗(ιn)
∗K•n+1(X),∼=
φ
where the last equality follows from the definition of K•n+1(X).
Since f is a Ku¨nneth morphism, it holds by Lemma 5.6 that
cone(f)|TXd−cn\Xd−cn+1 ∼= φ
∗
n(pi
n
1 )
∗cone(fn),
with fn : L
•
n+1(Zcnn) → (ιnn)∗(ιnn)∗L•n+1(Zncn). Applying the adjunction func-
tor (θn)∗(θn)∗ and using once more that pin1 ◦ φn ◦ θn| = jv ◦ pin1 ◦ φn|, we get
the isomorphism
(θn)∗(θn)∗cone(f) ∼= (θn)∗φ∗n(pin1 )∗j∗v cone(fn).
By Lemma 5.10, this is isomorphic to the direct sum
d⊕
r=0
(θn)∗(Gr)Xd−cn\Xd−cn+1 [−r],
where Gr is the cohomology group H
r(τ≤q¯(cn)(jv)
∗K•n(Zncn)). This fact fol-
lows from Property (an+1), i.e. that L
•
n+1(X)|X\Xd−cn+1 satisfies the [AXS1]
properties: indeed, there is a direct sum decomposition
(jv)
∗(ιnn)∗(ι
n
n)
∗L•n+1(Z
n
cn)
∼= τ≤q¯(cn)(jv)∗(ιnn)∗(ιnn)∗L•n+1(Zncn)
⊕ τ>q¯(cn)(jv)∗(ιnn)∗(ιnn)∗L•n+1(Zncn),
and the [AXS1] properties imply that the morphism
(jv)
∗L•n+1(Z
n
cn)→ (jv)∗(ιnn)∗(ιnn)∗L•n+1(Zncn)
has image isomorphic to the summand τ>q¯(cn)(jv)
∗(ιnn)∗(ιnn)∗L•n+1(Zncn). The
existence of a Ku¨nneth isomorphism (ιnn)∗(ιnn)∗L•n+1(Zncn) → K•n(Zncn) im-
plies the desired result. (This Ku¨nneth isomorphism is induced from the
Ku¨nneth isomorphism (ιn)∗(ιn)∗L•n+1(X)
∼=−→ K•n(X).)
Since the same arguments can be applied to the cone on the adjunction
g : K•n+1(X)→ (ιn)∗(ιn)∗K•n+1(X), we get a Ku¨nneth isomorphism
(θn)∗(θn)∗cone(f)
d⊕
r=0
(θn)∗(Gr)Xd−cn\Xd−cn+1 [−r]
(θn)∗(θn)∗cone(g).
∼=
ψ ∼=
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We claim that the Ku¨nneth isomorphisms φ and ψ fit into the following
commutative diagram.
(26)
(ιn)∗(ιn)∗L•n+1(X) (θn)∗(θn)
∗cone(f)
(ιn)∗(ιn)∗K•n+1(X) (θn)∗(θn)
∗cone(g)
φ ψ
The commutativity is obvious on all stalks over points that are not in Xd−cn\
Xd−cn+1 . Thus, it is enough to check commutativity over Xd−cn \Xd−cn+1 .
For x ∈ Xd−cn \Xd−cn+1 , the following diagram commutes.(
(ιn)∗(ιn)∗L•n+1(X)
)
x
(cone(f))x
(
(ιnn)∗(ι
n
n)
∗L•n+1(Z
n
cn)
)
v
(
τ≤q¯(cn)(ι
n
n)∗(ι
n
n)
∗L•n+1(Z
n
cn)
)
v
(
(ιnn)∗(ι
n
n)
∗K•n+1(Z
n
cn)
)
v
(
τ≤q¯(cn)(ι
n
n)∗(ι
n
n)
∗K•n+1(Z
n
cn)
)
v
(
(ιn)∗(ιn)∗K•n+1(X)
)
x
(cone(g))x
∼=
φx
∼=
ψx
proj.
∼= ∼=
proj.
∼= ∼=
Thus, Diagram (26) commutes. We have constructed the following commu-
tative diagram of Ku¨nneth structures
K•n+1(X) (ιn)∗(ιn)
∗K•n+1(X) (θn)∗(θn)
∗cone(f)
L•n+1(X) (ιn)∗(ιn)
∗L•n+1(X) (θn)∗(θn)
∗cone(g)
f
∼=
[1]
∼=
f [1]
where the rows are triangles and the vertical arrows isomorphisms. There is
a Ku¨nneth isomorphism from K•n+1(X) to L•n+1(X) completing the triangle
up to homotopy. Indeed the proof of Axioms I-III of triangulated categories
for the category of bounded complexes with morphisms up to homotopy
(see Theorem 4.1.9 of [14]) adapts word by word to the case of Ku¨nneth
structures and provides the desired completion. 
Remark 6.4. An easy but tedious inspection on the construction of Sec-
tion 3.3, Sections 4 and 5 up to Definition 5.15 and Theorem 5.16 of [1]
show that the complex that Definition 5.15 of [1] associates with the inter-
section space Pair (I p¯X, I p¯Xd−2) of Remark 3.4 is the trivialized Ku¨nneth
intersection space Complex of perversity p¯ for the compatible system of triv-
ializations (φ1, ..., φk). It is remarkable that this happens for any choice of
(I p¯X, I p¯Xd−2) as long as it is compatible with the system of trivializations
(φ1, ..., φk).
SELF-DUAL INTERSECTION SPACE COMPLEXES 21
Proof. We limit ourself to highlight the main points of the tedious inspection
of [1] leading to the proof, the reaser interested in the details should have [1]
at hand.
The construction of (I p¯X, I p¯Xd−2) in Section 3.3 of [1] adds condition
(iv), which implies that it has a compatible system of trivializations.
The pairs of spaces (I p¯,nX, I p¯,nXd−2) defined in Section 4 are constructed
in the same way as (I p¯X, I p¯Xd−2) but modifying smaller neighbourhoods of
the strata. So, they also have a compatible system of trivializations.
For every n ∈ N, I p¯,nX is included in a space X ′ such that it has a
compatible system of trivializations, it is topologically equivalent to X and
the retract pi : X ′ → X preserves the system of trivializations (see Defini-
tion 3.28 of [1])
The complexes of sheaves Kn,• defined in Section 5 are the kernel of the
morphism
νn# : jn∗ Cn, •X → µn∗Cn, •Xd−2
where Cn, •X is the complex of of cubical singular cochains of I p¯,nX, Cn, •Xd−2 is
the complex of of cubical singular cochains of I p¯,nXd−2 and
jn : I p¯,nX → X ′
µn : I p¯,nXd−2 → X ′
are the canonical inclusions in X ′.
It is easy to prove that these complexes of sheaves are Ku¨nneth complexes
and the morphisms are Ku¨nneth morphisms.
Moreover, applying that the inverse limit commutes with the inverse im-
age of sheaves, it is easy to prove that the inverse limit lim←−n∈NK
n, • is also
a Ku¨nneth complex.
Finally, since pi preserves the system of trivializations, we can check that
IS = pi∗ lim←−n∈N K
n, • is a Ku¨nneth complex. 
Remark 6.5. Another way to get the trivialized Ku¨nneth intersection space
Complex of perversity p¯ for the compatible system of trivializations (φ1, . . . , φk)
on a smoothly stratified space is to use differential forms on the regular part
U = X \ Xd−c1. The complex of forms ΩIp¯(X) was established in [11] for
a different class of pseudomanifolds of stratification depth two. The con-
struction can be applied to our case as follows: a differential form ω on U
is contained in ΩIp¯(X) if
ω|U∩Td−ci = φ
∗
i
∑
k
pi∗1ηk ∧ pi∗2γk,
where the ηk ∈ Ω•(Xd−ci \Xd−ci+1) are forms on the singular stratum and
the γk ∈ τ≥mi−1−p¯(mi)ΩIp¯(Zici \Xdci ) are cotruncated ΩIp¯-forms on the link,
with mi = dim(Z
i
ci). Note that one has to clarify, why and how the (fiber-
wise) cotruncation used here can be iterated, but we do not elaborate on this.
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Following Banagl, see [10, Section 6], the complex ΩIp¯(X) is then used to
define a pre-sheaf
V 7→ ΩIp¯(V ∩ U) = {ω ∈ Ω•(V ∩ U)|∃ω˜ ∈ ΩIp¯(X) : ω˜|V ∩U = ω} .
The sheafification ΩIp¯ of this presheaf then is the desired de Rham descrip-
tion of the trivialized Ku¨nneth intersection space Complex of perversity p¯. It
might be interesting to compare our proof of Poincare´ duality to the Poincare´
duality of the de Rham picture, which is induced by integrating wedge prod-
ucts of forms over U , see [10, Theorem 8.2] and [11, Theorem 7.4.1].
It will be convenient to have the “dual” of the previous Proposition:
Proposition 6.6. Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudo-
manifold with a compatible system of tubular neighborhoods and a compatible
system of trivializations (φ1, ..., φk). There is a (up to Ku¨nneth isomor-
phism) unique Ku¨nneth complex (′IS•p¯(X), (′IS
•
p¯(Z
1
c1), β
′
1, ...,
′ IS•p¯(Zkck), β
′
k))
satisfying the following properties [AXKS1′¯p].
• The complexes ′IS•p¯(X) and ′IS•p¯(Zici), i ∈ {1, . . . , k} satisfy the
properties [AXS1] for perversity p¯ of [1, Section 6].
• there are Ku¨nneth isomorphisms
(ι1)!(ι1)
!(′IS•p¯(X)) ∼= (ι1)!QX\Xd−c1 ,
(ιi1)!(ι
i
1)
!(′IS•p¯(Z
i
ci))
∼= (ιi1)!QZici\Zici−c1 , i ∈ {1, . . . , k} .
Proof. Let q¯ be the complementary perversity to p¯. Define
′IS•p¯(X) := DIS•q¯(X)[−d], ′IS•p¯(Zici) := DIS•q¯(X)(Zici)[−ci]
for any i ∈ {1, ..., k}. By Theorem 10.1 of [1] the complexes defined above
satisfy the axioms [AXS1] for perversity p¯. We claim that ′IS•p¯(X) has a
Ku¨nneth structure as predicted in the proposition for β′i := (D(βi)[−d])−1.
Indeed, since IS•q¯(X) has a Ku¨nneth structure (IS
•
q¯(Z
1
c1), β1, ..., IS
•
q¯(Z
k
ck
), βk),
for any i we have an isomorphism
βi : IS
•
q¯(X)|TXd−ci\Xd−ci+1
∼=−→ φ∗i (pii1)∗IS•q¯(Zici).
Applying the functor D()[−d] we obtain an isomorphism
(D(βi)[−d])−1 : ′IS•p¯(X)|TXd−ci\Xd−ci+1
∼=−→ φ!i(pii1)!D(IS•q¯(Zici))[−d].
Since φi is an isomorphism we have (φi)
! = (φi)
∗. Moreover, since pik1 :
Xd−ck ×Zkck → Z is a projection with fiber the smooth (d− ck)-dimensional
manifold Xd−ck we have (pi
k
1 )
! = (pik1 )
∗[d− ck] (see e.g. [2, p. 193]). Then
(pii1)
!D(IS•q¯(Zici))[−d] = (pii1)∗D(IS•q¯(Zici)[−ck] =′ IS•p¯(Zici).
This proves the claim.
By Proposition 6.3, there is an isomorphism of Ku¨nneth structures
(ι1)∗QX\Xd−c1 → (ι1)∗(ι1)
∗(IS•p¯(X)).
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Applying D()[−d], we get an isomorphism in the derived category
(ι1)!QX\Xd−c1 → (ι1)!(ι1)
!(′IS•p¯(X)).
It is a routine check as above that it lifts to an isomorphism of Ku¨nneth
structures. This proves existence.
Uniqueness follows dualizing, twisting with [−d], and applying uniqueness
of the Ku¨nneth intersection space complex. 
A corollary of the above proof is the following duality
Corollary 6.7. There is a Ku¨nneth isomorphism
′IS•q¯(X) ∼= DIS•p¯(X)[−d].
Proposition 6.8. There is a Ku¨nneth isomorphism
IS•p¯(X) ∼= ′IS•p¯(X).
Proof. Applying the functor (ι1)!(ι1)
! to the isomorphism of Ku¨nneth struc-
tures (ι1)∗QX\Xd−c1 → (ι1)∗(ι1)∗(IS
•
p¯(X)) and using that (ι1)
∗ = (ι1)! and
that (ι1)
∗(ι1)∗ is equal to the identity we obtain the isomorphism of Ku¨nneth
structures
(ι1)!QX\Xd−c1 → (ι1)!(ι1)
!(IS•p¯(X)).
Taking the inverse we show that IS•p¯(X) satisfies the conditions of Proposi-
tion 6.6. 
Combining the results above our main theorem follows immediately.
Theorem 6.9. Let Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck be a stratified pseudoman-
ifold with a compatible system of tubular neighborhoods and a compatible
system of trivializations (φ1, ..., φk). Let p¯, q¯ be complementary perversities
and let IS•p¯(X) be the Ku¨nneth intersection space complex of perversity p¯ for
the given system of trivializations. Then, DIS•p¯[−d], where D denotes the
Verdier dual, is the Ku¨nneth intersection space complex of perversity q¯.
In particular, if Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck is a Witt space, for the middle
perversity we obtain a unique self-dual Ku¨nneth intersection space complex.
The proof of the Main Theorem is an immediate consequence of the results
above and Remarks 3.4 and 6.4.
Remark 6.10. If Xd ⊃ Xd−c1 ⊃ .... ⊃ Xd−ck is a filtration by algebraic
varieties forming a stratified pseudomanifold with a compatible system of
tubular neighborhoods and a compatible system of trivializations (φ1, ..., φk),
then all the constructions of the paper can be performed in the derived cat-
egory of mixed Hodge modules. So the Ku¨nneth intersection space complex
for a fixed perversity is in the derived category of mixed Hodge modules, and
is unique up to isomorphism in this category.
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